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Ž .Let G be a finite p-group. For x g G the breadth b x of x is defined as
bŽ x . < <p [ G : C x ,Ž .G
Ž .and the breadth b G of G is the maximum of the breadths of the
elements of G.
More generally, we define for x g G and an abelian normal subgroup A
of G
bAŽ x . < <p [ A : C x ,Ž .A
b G [ max b x N x g G , 4Ž . Ž .A A
B [ x g G N b x s b G . 4Ž . Ž .A A A
Ž . w xClearly, b G s 0 is equivalent to G9 s 1; and H. G. Knoche Kn1 has
Ž . < < Žshown that b G s 1 is equivalent to G9 s p see the Proposition in
. Ž . w xSection 3 . Knoche also obtained some results for b G s 2 Kn2 ; in
< < 3particular, he has shown that G9 F p .
*This author is grateful to the University of Kiel for the kind hospitality during the
Ž .preparation of this paper, and to C.N.R. Italy for the financial support.
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In this paper we prove the following two theorems.
Ž .THEOREM A. Let G be a finite p-group. Then b G s 2, if and only if one
of the following holds:
Ž . < < 2a G9 s p , or
Ž . < Ž . < 3 < < 3b G : Z G s p and G9 s p .
Ž . < < 2 < Ž . <Moreo¤er, if b G s 2 and G9 ) p , then ArZ G s p for e¤ery maxi-
mal abelian normal subgroup A of G.
Ž .THEOREM B. Let G be a finite p-group with b G s 3, and let A be a
maximal abelian normal subgroup of G. Then one of the following holds:
Ž . < < 3a G9 s p .
Ž . < Ž . < 4 Ž .  4b G : Z G s p and b G g 1, 2 .A
Ž . < < 4 w xc G9 s p , D [ F A, x has order p, andx g BA
< < 3GrD : Z GrD s p and b GrD s 2;Ž . Ž .
Ž .  4 <w x <  34moreo¤er b G g 1, 2 and A, G g p, p .A
Ž . < < 4 Ž .  4d p s 2, G9 s 2 , and b G g 1, 2 .A
As a corollary one gets for odd primes:
COROLLARY. Let p be an odd prime and G a finite p-group. Then
Ž .b G s 3, if and only if one of the following holds:
Ž . < < 3 < Ž . < 4a G9 s p and G : Z G G p .
Ž . < Ž . < 4 < < 4b G : Z G s p and G9 G p .
Ž . < < 4 < <c G9 s p , and there exists a normal subgroup D of G with D s p
< Ž . < 3and GrD : Z GrD s p .
The proofs of the above theorems are elementary and selfcontained.
The basic idea is to study the action of G on a maximal abelian normal
subgroup of G.
Recently N. Gavioli et al. in their work on finite groups with many
w xconjugacy classes GMMPS obtained for p G 5 the above Corollary and
for p odd Theorem A using character theory.
A final remark on the case p s 2. As our referee pointed out a Sylow
Ž .² : Ž2-subgroup of L 4 s , where s is a graph automorphism inverting a3
. Ž .Cartan subgroup , provides an example for a group G satisfying d of
Ž .Theorem B but having b G s 4. This shows that the above Corollary
Ž .cannot be extended to the prime 2 by just adding case d of Theorem B.
But as we have heard recently, B. Wilkens is working on a characterization
of 2-groups of breadth 3.
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1. ELEMENTARY PROPERTIES
Let G be a finite p-group and A a normal abelian subgroup of G. We
Ž . Ž .set b [ b G , b [ b G , andA A
T [ x g G N b x s 1 . 4Ž .A A
The proof of the first lemma is elementary and well known:
LEMMA 1. For e¤ery x g G
² :w x w x w xA , x s A , x s a, x N a g A ; 4
<w ² :x < bAŽ x .in particular, A, x s p .
w x w x Ž .LEMMA 2. Let u, ¤ g G such that A, u l A, ¤ s 1. Then C u FA
Ž . Ž . Ž .C ¤ or b u - b u¤ .A A A
Ž . Ž . u¤ ¤Proof. Assume that there exists a g C u _ C ¤ . Then a s a andA A
w x w xA, u¤ l A, ¤ / 1. On the other hand
w x w x w x w xA , u = A , ¤ s A , u¤ A , ¤
and thus
b Žu.qb Ž¤ . b Žu¤ .qb Ž¤ .A A A Aw x w xp s A , u¤ A , ¤ - p .
² : Ž . Ž .LEMMA 3. Let x, y g T , T s x, y , and T s TC A rC A . ThenA G G
one of the following holds:
Ž . Ž . w x w x Ž . Ž .a T _ C A : T and A, x s A, T ; moreo¤er C x / C yG A A A
if T is not cyclic.
Ž . Ž . Ž . Ž . w x w xb T _ C A : T and C x s C T ; moreo¤er A, x / A, yG A A A
if T is not cyclic.
Ž . Ž . Ž . Ž . w x w x w x w xc C T s C x l C y and A, T s A, xy s A, x = A, y .A A A
Ž . Ž . Ž .Proof. If T is cyclic, then C x s C y , and b holds. Thus, we mayA A
assume that T is non-cyclic.
w x w xAssume first that xy g T . Then by Lemma 2, A, x s A, y orA
Ž . Ž . Ž . Ž .C x s C y . This gives a resp. b .A A
Ž . Ž . Ž .Assume now that xy f T , i.e., b xy ) b x s b y . Then clearlyA A A A
Ž . Ž . Ž . w x w x w x Ž .C xy s C x l C y and A, xy s A, x = A, y . This is c .A A A
y1 Ž .LEMMA 4. Let x, u, ¤ g G such that u¤ f C A . Suppose thatG
Ž .b x ) 1. Then at least one of the elements u, ¤ , u¤ , ux, ¤x, u¤x is not in T .A A
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 4Proof. Assume that V [ u, ¤ , u¤ , ux, ¤x, u¤x : T . Let T sA 1
² y1 : ² y1 : ² : Ž . Ž .u¤ , u , T s u¤ , ¤x , and T s u, ¤x . Then case a or b of2 3
 4Lemma 3 applies to each of the subgroups T , T , and T . Fix i, j g 1, 2, 31 2 3
<w x < <w x <such that i / j and A, T s A, T . Since i / ji j
² : ² :T , T s Vi j
Ž .and T l T g C A .i j G
<w x < <w x < 2 Ž .Assume that A, T s A, T s p . Then case b applies to T and T ,i j i j
² : Ž .and every element in V _ C A has the same centralizer in A. SinceG
² :x g V it follows that x g T , a contradiction.A
<w x < <w x < Ž .Assume that A, T s A, T s p. Then case a applies to T and T ,i j i j
² : Ž .and every element in V _ C A has the same commutator with A. AsG
<w x <above we conclude that A, x s p and x g T , a contradiction.A
For x g G we set
M s AC x ,Ž .x G
² :G s M N a g A ,x a x
D s F M .x ag A a x
LEMMA 5. Let x g G and a g A. Then the following hold:
Ž . w x w xa a, M l M F A, x .a x x
Ž . w x w x w x <w x <b A, D F A, x s D , x ; in particular, if b s b then A, Gx x A
s pbA.
Ž . w x w xc G , x F A, G .x
Ž .d If G s M U s M U for some a g A and U F G, thenx a x
w x w y1 x w x w xa, G F x , U A , x A , U .
Ž .Proof. Let a g A and y g M . Then y s cb for some c g C ax anda x G
b g A. It follows
y cb by y ba x s ax s ax s ax s axŽ . Ž . Ž .
w x w y1 xw y1 x w y1 x w x Ž .and a, y s b, x x , y . In particular x , y g A, G , and c
follows.
w y1 x w y1 x w xAssume that y g M . Then x , y g A, x s A, x and thusx
w x w x Ž .a, y g A, x , and a follows.
Ž . w x w xNow a and M , x s A, x yieldx
w x w x w x w x w x w xa, D F a, M l M F A , x F D , x F M , x s A , xx x a x x x
w x w x w xand thus A, D F A, x s D , x .x x
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Assume that b s b and let z g B . Then G s M for every a g A,A A a z
w x w x w xi.e., G s D , and the previous inequality gives A, G s A, D F A, z .z z
w x w x bAŽ z . bA Ž .Thus A, G s A, z has order p s p , and the proof of b is
complete.
Ž .For the proof of d note that for all x, y, z g G
yw x w x w x w x w x w xz , xy s z , y z , x s z , y z , x z , x , y .
It follows that
w x w x w x w x w xa, G s a, M U F A , U a, C ax A , U s a, C ax A , U .Ž . Ž .a x G G
)Ž .
Ž . w x w y1 xFor c g C ax we get a, c s x , c and thusG
y1 y1 y1 y1w x w x w x w xa, C ax F x , G s x , M U F x , U x , A A , U .Ž .G x
Ž . Ž .Together with the above relation ) this gives d .
w xLEMMA 6. Suppose that b F b q 1. Then A, x is normal in G for e¤eryA
x g B .A
w x w xProof. Let x g B . Note that M normalizes A, ax s A, x forA a x
every a g A. Hence we can assume G / G. This gives b s b q 1 andx A
Ž . w x w x < <M s D . Now Lemma 5 b shows that A, x s A, M . From G : M sx x x x
w xp it follows that M is normal in G, so also A, M is normal in G.x x
w x w xLEMMA 7. Let b ) 1. Suppose that G, z F A, G for all z g GA
satisfying
b z ) 1 and 2b z G b . )Ž . Ž . Ž .A A A
w Ž . x Ž .Then G9 s C A , G . In particular, if in addition A s C A and b s bG G A
< < bAthen G9 s p .
Proof. Let x g B and y g G. ThenA
w x w x w xA , x F A , y A , yx ,
and we are in one of the following two cases:
Ž . Ž .I y or yx satisfy ) for all y g G, or
Ž .II y, yx g T for some y g G, and b s 2.A A
w x w x w x w x w xIn the first case G, y F A, G or G, yx F A, G . Since also G, x F
w x w x w x w xA, G we conclude that G, y F A, G and thus G9 s A, G s
w Ž . xC A , G .G
Ž . w x w x ŽAssume now case II . Then G, z F A, G for every z g G _ T jA
Ž .. w x w Ž . xC A and thus G, z F C A , G for every z g G _ T . SupposeG G A
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w x w Ž . x w xthat there exist u, ¤ g G such that u, ¤ f C A , G ; i.e., G, u gG
w Ž . x w x w Ž . xC A , G and G, ¤ g C A , G . Then alsoG G
w x w x w x w xu¤ , ¤ , ux , ¤ , ¤x , u , u¤x , ¤ f C A , G ;Ž .G
w y1 x w x¤y1 w Ž . x y1 Ž .moreover, u¤ , ¤ s u, ¤ f C A , G implies u¤ f C A . AsG G
we have seen above, this implies u, ¤ , u¤ , ux, ¤x, u¤x g T , which contra-A
dicts Lemma 4.
Ž . Ž .Lemma 5 b gives the additional statement for b s b and A s C A .A G
2. THE CASE b F 2A
In this section we use the same notation as in Section 1. In particular, A
is an abelian normal subgroup of G.
LEMMA 8. Suppose that b s 1. Then eitherA
Ž . < Ž . < Ž . Ž .i A : A l Z G s p and C x s C y for e¤ery x, y g G _A A
Ž .C A , orG
Ž . <w x <ii A, G s p.
If in addition A is a maximal abelian normal subgroup of G, then either
< Ž . < 1qb < <G :Z G F p , or there exists a normal subgroup D of G with D s p and
Ž . Ž .b GrD - b G .
Ž . Ž . Ž .Proof. If GrC A is cyclic, then i and ii hold. Hence, we mayG
² :assume that there exist x, y g G such that for T s x, y
TC A rC A is not cyclic.Ž . Ž .G G
Ž . Ž .Then case a or b of Lemma 3 applies to T.
Ž . Ž . Ž . w xAssume that case b holds for T ; i.e., C x s C y and A, x /A A
w x Ž . w x w x w xA, y . Then for every z g G _ C A either A, z / A, x or A, z /G
w x ² : ² :A, y . Hence Lemma 3 applied to z, x and z, y , respectively, gives
Ž . Ž . Ž . Ž . Ž . Ž .C x s C y s C z and thus C x s A l Z G . This is i .A A A A
Ž . Ž . Ž . w xAssume that case a holds for T ; i.e., C x / C y and A, x sA A
w x Ž . Ž . Ž . Ž .A, y . Then for every z g G _ C A either C z / C x or C z /G A A A
Ž . w x w xC y . Hence another application of Lemma 3 gives A, x s A, y sA
w x w x w x Ž .A, z and thus A, G s A, x . This is ii .
Ž .Let now A be a maximal abelian normal subgroup of G. Assume i
Ž . Ž .holds and let a g A _ Z G . Then A s C a andG
< < < < < < < < < < bq1G : Z G s G : A A : Z G s G : C a A : Z G F p .Ž . Ž . Ž . Ž .G
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Ž . w xAssume ii holds. Then D s A, G is a normal subgroup of order p such
Ž . Ž .that b GrD - b G .
<w x < 2LEMMA 9. Suppose that b s 2. Then either A, G s p and p s 2, orA
² :B s G.A
Proof. Note that
G s B j T j C A .Ž .A A G
² : y1Assume that G / B . Let x g B . Then t, tx, x t g T for everyA A A
² :t g G _ B .A
If p / 2, then t 2 g T andA
2 y1w x w xA , t s A , txx t s p.
Ž . Ž . ² y1 : ² :Hence Lemma 3 a or b applies to tx, x t s t, x and x g T , aA
contradiction. Thus p s 2. Moreover again by Lemma 3
w x w x w xA , x s A , t = A , tx .
w ² ² ::x w x ² ² ::Hence A, G _ B F A, x . On the other hand G _ B s G andA A
<w x < 2thus A, G s p .
LEMMA 10. Suppose that b s 2. Then one of the following holds:A
Ž . < Ž . < 2 w xa A : A l Z G s p , and there exist x, y g B such that A, x lA
w xA, y s 1.
Ž . <w x < 3 w x w xb A, G s p , and A, x l A, y / 1 for e¤ery x, y g B .A
Ž . w x Ž . Ž .c D [ F A, x / 1, and C x s A l Z G for G [ GrDx g B AA
and e¤ery x g B .A
Proof. Assume first that there exist x, y g B such thatA
w x w xA , x l A , y s 1.
Then Lemma 2 gives
C [ C x s C y .Ž . Ž .A A
Ž .We want to show that C s A l Z G . Thus, we may assume that there
Ž .exists w g G such that C g C w .A
Ž .If a g C _ C w thenA
w x w x w xa, xw s a, w s a, yw / 1.
w x w x w xw xHence A, xw l A, yw / 1 and H [ A, xw A, yw has order at most
p3. Thus
w x w x w xA , y F H A , x F H A , y )Ž .
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w x w x Ž . Ž .gives that A, x g H and A, y g H. Since C g C xw and C g C yw ,A A
Lemma 2 yields that
w x w x  4  4A , c l A , d / 1 for every c g x , y , d g xw , yw .
Ž . w x w xIn particular from ) it follows that A, xw / A, yw . Then
w x w x w x w x w xA , x l H s A , x l A , xw s A , x l A , yw
w x w xs A , xw l A , yw
w x w x w x w xand similarly A, y l H s A, xw l A, yw . This contradicts A, y l
w xA, x s 1.
We assume now
w x w xA , u l A , ¤ / 1 for all u , ¤ g B . ))Ž .A
w xw xWe choose u, ¤ g B such that W [ A, u A, ¤ is maximal.A
< < 2Suppose first that W s p . Then the maximality of W gives
w x w xA , u s A , ¤ for all u , ¤ g B .A
w x w x w xLet t g T . If tu g T , then A, u s A, t = A, tu , and if tu g B , thenA A A
w x w x w x w xA, u s A, tu . Thus in both cases A, t F A, u . We conclude that
w x Ž .W s A, G , and c holds.
< < 3 w x w xSuppose now that W s p . Then R [ A, u l A, ¤ has order p.
w xAssume first that R s F A, x . Then R is a normal subgroup ofx g BA
Ž .order p in G, and Lemma 8 applies to ArR and GrR. This gives c since
<w x < 2A, G ) p .
w xAssume now that R / F A, x . Then there exists w g B suchx g B AAw x Ž . w x w xthat R g A, w . From )) we conclude that A, w F W. If A, G / W,
w x Ž .then by Lemma 9 there exists z g B such that A, z g W. Hence, ))A
w x w x w xgives A, z l W s R and thus A, w l A, z s R, which contradicts
w x Ž .R g A, w . Hence b holds in this case.
3. THE CASE b F 3
In this section we use the notation of Section 1; in addition, A is now
a maximal abelian normal subgroup of G. Note that this implies that
Ž .C A s A.G
w x < <PROPOSITION Kn1 . Suppose that b s 1. Then G9 s p.
Proof. For every x g G _ A
G s C x A s D s G .Ž .G x x
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Ž . <w x < Ž .Hence Lemma 5 b gives G, A s p and Lemma 5 c
² :w x w xG, A s G, x N x g G _ A s G9.
Proof of Theorem A. Suppose that b s 2. If b s 2 for some maximalA
Ž .abelian normal subgroup A of G, then Lemma 7 and Lemmas 5 b yield
Ž .a . Thus, we may assume that b s 1 for every maximal abelian normalA
Ž .subgroup A of G. We discuss the two cases of Lemma 8. Assume case i .
Ž . Ž . < Ž . < 3For z g A _ Z G we get C a s A and thus G : Z G F p . Now b s 2G
< Ž . < 3 <w x < 2 < w x < Ž .gives G : Z G s p and A, G s p . Hence G9r A, G F p gives a
Ž .or b .
Ž . w x Ž . Ž .Assume case ii . Let G s Gr A, G . Then A F Z G and b G F 1.
< < <w x <Hence the above Proposition gives G9 F p. Since A, G s p and b s 2
< < 2we conclude that G9 s p .
Ž . Ž .Suppose now that G satisfies a or b of Theorem A. Then clearly
< < 2b F 2, and the above Proposition gives b s 2 since G9 G p .
< < 3LEMMA 11. Suppose that b s b s 3. Then G9 s p .A
Ž . Ž .Proof. Let x g B . We have G s AC x s M s D . By Lemma 5 b ,A G x x
w x w x Ž . Ž .A, G s A, x . Let y g C x such that b y s 2. Then either G s GG A y
w x w x Ž .or D s M . In the first case G, y F A, G by Lemma 5 c . In they y
Ž .second case Lemma 5 b gives
w x w xA , x F A , M s A , y ,y
<w x < <w x < Ž .which contradicts A, y - A, x . Since G s C x A we have shownG
w x w x Ž .that G, y F A, G for every y g G with b y G 2. Now Lemma 7 yieldsA
< < 3G9 s p .
LEMMA 12. Let b s b y 1 s 2. Suppose that there exist x, y g B suchA A
that
w x w xA , x l A , y s 1.
< Ž . < 4 < < 4Then either G : Z G s p , or p s 2 and G9 s 2 .
Proof. Let G be a minimal counterexample. From Lemma 9 and
Lemma 10 we get:
Ž . ² : < Ž . < 2 Ž . Ž .1 G s B and A : Z G s p ; in particular, C z s Z G forA A
every z g B .A
< Ž . < 4 Ž . < < 3Since G : Z G ) p 1 gives G : A G p and thus
Ž .2 M l M / A for u, w g B .u w A
w xBy Lemma 6, A, z is normal in G for every z g B . ThusA
w x w xA , x , y s 1 s A , y , x .
w xw x Ž .It follows that A, x A, y F Z G .
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w x Ž . w xAssume that A, z g Z G for some z g B . Then A, z, x / 1 /A
w x w x w x w x Ž .A, z, y and thus A, z s A, z, x = A, z, y F Z G , a contradiction.
w x Ž . Ž .Hence A, z F Z G for all z g B , and 1 gives:A
Ž . w x Ž .3 A, G F Z G .
Next we show:
Ž . w x4 G9 s A, G .
Ž . Ž .Assume that 4 is false. Then by 1 there exist u, ¤ g B such thatA
w x w x Ž .u, ¤ f A, G . Thus, Lemma 5 c gives ¤ f G and u f G . Henceu ¤
Ž .M s D and M s D . Now Lemma 5 b yieldsu u ¤ ¤
w x w x w x w xA , M F A , u and A , M F A , ¤ .u ¤
This implies
w x w x w x w x w xA , x A , y F A , G F A , u A , ¤
w x w xand thus A, u l A, ¤ s 1. But now M l M s A, which contradictsu ¤
Ž .2 .
Ž .5 p / 2.
Ž .Assume that p s 2. Since G is a counterexample we get from 4 that
w xw x w xA, x A, y - A, G . Set D s M l M . We first show:x y
For every d g D there exists a g A _ Z G such that d g M . )Ž . Ž .a x
If d is a counterexample, then
² : ² : ² :M d s M d s M d s G,a x ab x b x
Ž .² : Ž .where A s Z G a, b and a, b, ab f Z G . Now d g M yieldsx
w y1 ² :x w xx , d F A, x . Hence
y1ay1 y1² : ² : w x w x w xw xax , d F x , d A , d F A , x A , dŽ .
wŽ .y1 ² :x w xw x Ž .and similarly bx , d F A, x A, d . Thus from Lemma 5 d we get
w x w x w xA , G s b , G a, G
y1 y1² : ² :w x w x w x w xs ax , d A , ax A , d , bx , d A , bx A , dŽ . Ž .¦ ;
w x w xs A , x A , d
<w x < 4 Ž .which contradicts A, G ) 2 . This shows ) .
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Ž . Ž .Clearly, ) also holds with y in place of x. Moreover, from ) and
Ž . w x w x Ž . w x w xLemma 5 a follows a, d g A, x . Thus 1 and A, x l A, y s 1
² : w ximply y f D and similarly x f D; in particular G s D x, y . Since A, G
w xw x w x w xw xg A, x A, y there exists d g D such that A, d g A, x A, y .
Ž . Ž . Ž . Ž . Ž .If d g B , then C d s Z G by 1 . From ) and Lemma 5 a we getA A
w x w x w x1 / a, d g a, M l M F A , xx a x
w x w xand thus A, d l A, x / 1. Similarly, considering y in place of x,
w x w x w x w x w xA, d l A, y / 1. Hence A, x l A, y s 1 yields A, d F
w xw xA, x A, y , a contradiction.
Ž . Ž .Assume now that b d s 1. Then there exist a, b g A such that C dA A
Ž .² : Ž .² :s Z G a and A s C d b . If d g M or d g M , then by LemmaA b x ab x
Ž . w x w x w x5 a , b, d s ab, d g A, x , and
² :w x w x w xA , d s b , d F A , x ,
Ž .a contradiction. Hence, we have d f M and d f M , and Lemma 5 db x ab x
w x w xw x w x w x <w xw x <yields a, G F A, x A, d . Since 1 / a, y g a, G and A, x A, d F
3 <w xw xw x < 4 w x w xw x2 we get that A, x A, y A, d F 2 and thus A, d F A, x A, y , a
contradiction.
Ž . 36 GrA is elementary abelian of order p .
Ž . Ž . w x Ž . w p x w p xBy 4 , GrA is abelian, and by 3 , A, G F Z G . Thus a, g s a , g
p p Ž .for every a g A and g g G. Assume that G g A. Then also A g Z G ,
Ž . Ž .and 1 shows that ArZ G is cyclic.
Ž .² : w x ²w x: 2Let A s Z G a . Then A, y s a, y is a cyclic group of order p
w x p w p x w p x ²w p x:since a, y s a, y , A, y s a, y is a group of order p. Hence
p Ž . w p x w x w x w xy g T l D, D as in 5 . But now A, y l A, x F A, y l A, x s 1,A
Ž .and Lemma 5 a implies
y p f M for all a g A _ C y p .Ž .a x A
< <This contradicts G : M F p.a x
We have shown that GrA is elementary abelian. Then GrA has order
p3 since p is odd and G is a minimal counterexample.
Ž .7 There exist a, b g A such that M / G / M .a x b y
Ž . w xAssume that G s M for all a g A. Then Lemma 5 a gives A, G sa x
w x w x w xA, x which contradicts A, y g A, x . Hence G / M for some a g A,a x
and the same argument shows the assertion for y.
Ž .According to 7 we may choose our notation such that M / G / M .x y
Ž . Ž .We now derive a final contradiction using 5 and 6 . In GrA there exist
2 ² :exactly p q 1 subgroups of order p containing xA . On the other hand,
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Ž . < < 2xA g M rA for every a g A _ Z G and M rA G p . Hence, sincea x a x
< Ž . < 2A : Z G s p , we may choose our notation additionally such that
M F M and M F M for some a, b g A _ Z G .Ž .x a x y b y
Ž .In particular, by Lemma 5 a
w x w x w xa, M F A , x and b , M F A , y .x y
w x w x w x w xAssume that A, M g A, x . Then c, M g A, x for every c g A _x x
² : Ž .a Z G and thus
² :M g M for every c g A _ a Z G .Ž .x c x
² : Ž . ² : Ž .Fix c g A _ a Z G and set d s ac. Since p G 3 then dc f a Z G .
Assume
M s M l M j M l M j M l M .Ž . Ž . Ž .x x c x x d x x dc x
Then M rA is a group of order p2 which is the union of three subgroupsx
of order p. Hence
2 < <p s M rA s 3 p y 1 q 1,Ž .x
Ž .a contradiction to 5 . Thus there exists
w g M _ M j M j M .Ž .x c x d x dc x
It follows that
² : ² : ² :y1G s M w s M w s M w ,c x dc c x dc x
Ž .and Lemma 5 d implies
² y1 :w x w x w xw xA , G s dc , d , G s A , x A , w
w x w x w x w x w x <w x <since x, w g A, x . Moreover, a, w g a, M F A, x yields A, Gx
<w xw x < 3 w x w xs A, x A, w F p , which contradicts A, x l A, y s 1.
w x w x w x w xAssume that A, M F A, x . Then A, M g A, y since M l Mx y x y
w x w x/ A and A, x l A, y s 1. Hence, the above argument, with y in place
of x, yields a contradiction.
LEMMA 13. Suppose that b s b y 1 s 2. Then one of the followingA
holds:
Ž . < Ž . < 4 w xa G : Z G s p , and there exist x, y g B such that A, x lA
w xA, y s 1.
Ž . <w x < 3b A, G F p .
Ž . < < 4c p s 2 and G9 s 2 .
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Ž .Proof. Let G be a counterexample. We apply Lemma 10. Then case b
Ž .and by Lemma 12 also case a of Lemma 10 cannot hold. Thus, we are in
Ž .case c of Lemma 10. As there, let
w xD [ F A , x .x g BA
< < 2 w x Ž .If D s p , then D s A, G and we get b , a contradiction. Thus, we
< < Ž . < Ž . <have D s p. Set G [ GrD, and note that b G s 1. If A : A l Z GA
Ž ./ p, then Lemma 8 yields b , again a contradiction. Hence, we have
< <A : A l Z G s p.Ž .
Ž . Ž . Ž . < Ž . <Let a g A such that a f Z G . Then C A s C a and G : C a FG G G
3 3<w x <p . In particular A, G F p and
< < 4w xA , G F p .
Ž . w xAssume that M s D for some x g B . Then by Lemma 5 b , A, M sx x A x
w x < < <w x < 3A, x . Since G : M F p we conclude that A, G F p , and G is not ax
counterexample.
Ž .We have shown that G s G for every x g B . Now Lemma 5 c andx A
w x < < 4Lemma 9 give A, G s G9 and thus G9 F p . Since G is a counterexam-
ple we get that p / 2.
Ž .Fix x g B . If M F M , then Lemma 5 a givesA x a x
a, M s A , M s p.x x
2< < <w x < Ž .Since G : M F p, we conclude that A, G F p . This gives b , a contra-x
diction.
We have shown that M g M and with a similar argument M g M 2 ,x a x x a x
Ž .2since p is odd. Hence, there exists z g M _ M j M . Thus G sx a x a x
² : ² : Ž . w x w xw x2M z s M z , and Lemma 5 d yields a, G F A, x A, z . We con-a x a x
<w x < 3clude that A, G F p , and G is not a counterexample.
<w x < 2LEMMA 14. Suppose that b s b y 1 s 2 and A, G s p . Then oneA
of the following holds:
Ž . < < 4a p s 2 and G9 s 2 .
Ž . < < 3b G9 s p .
w xProof. Let G s Gr A, G , and let U be a maximal abelian normal
Ž . < Ž . <subgroup of G. Note that A F Z G F U. Then G : C x F p for x gG
B , in particular:A
Ž . Ž . w x w x1 G s UC x or x g U; and x, G F U, G for every x g B .G A
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We first show:
Ž . w x2 G9 s U, G .
w x w x Ž .Assume that there are ¤ , w g G such that ¤ , w f U, G . From 1 we
Ž . w x w x w xget ¤ , w, ¤w g T . Let x g B . Then 1 gives x, G F U, G and z, G gA A
w x  4 Ž .U, G for every z g ¤x, wx, ¤wx . Hence ¤x, wx, ¤wx f A and from 1 we
also have ¤x, wx, ¤wx f B . Thus ¤x, wx, ¤wx g T and Lemma 4 yields aA A
contradiction.
<w x < Ž . Ž .If U, G s p, then 2 yields b . Thus, we may assume that
Ž . <w x <3 U, G ) p.
Ž . Ž . Ž .Hence by 2 and the Proposition, b G s 2. Assume first that b G s 1U
Ž .for every such that U. From 3 and Lemma 8 we get
< <U : Z G s p and U s C u for every u g U _ Z G .Ž . Ž . Ž .G
2Ž . < Ž . < Ž .Let u g G _ Z G . Since G : Z G ) p we get from )
2 y1 2< < < < < <p F p G : Z G s G : U s G : C u F p ,Ž . Ž .G
2 2< < <w x < <w x < < Ž . < Ž .i.e., G : U s p . Moreover U, G s u, G s G : C u F p . Now 2G
2Ž . < <and 3 yield G9 s p .
Ž .Note that x g Z M and M is a normal subgroup of G for x g B .x x A
Hence, x is contained in a maximal abelian normal subgroup of G. We
conclude that either there exists a maximal abelian normal subgroup U
Ž . Ž . Ž .such that U l B › Z G or B : Z G . The first case contradicts )A A
2< < < Ž . <and G : U s p since G : C x F p for x g B . In the second caseG A
2< < Ž .Lemma 9 and G9 s p give a .
Ž . Ž .Assume finally that there exists U such that b G s 2. Since b G s 2U
< < 4we get from Theorem A that G9 s p . Hence, we may assume in addition
y1that p / 2. Let y g B . Then also yu, yu g B for every u g U, and forU U
2each element of B the index of its centralizer in G is p . HenceU
y, yu, yuy1 g T for every u g U. Now Lemma 3 yields u g T for everyA A
u g U _ A; in particular B › U.A
Let x g B _ U and u g U _ A. Then x g T . Since p / 2, x f T , andA U A
u g T we may assume, possibly after substituting u by u2, that ux g B ,A A
Ž . Ž .again by Lemma 3. Hence by 1 , M s M s G, and Lemma 5 a givesu x x
w xu , G F U, x .
w x w x Ž .Hence U, G s U, x and, as x g T , we get b G s 1, a contradiction.U U
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<w x < 3LEMMA 15. Suppose that b s b y 1 s 2 and A, G s p . Then one ofA
the following holds:
Ž . < < 3a G9 s p .
Ž . < Ž . < 4b G : Z G s p .
Ž . < < 4 Ž . < <c G9 s p , and there exists a subgroup R F Z G such that R s p
and for G s GrR
3< <G : Z G s p .Ž .
Ž . < < 4d p s 2 and G9 s 2 .
w x ² :Proof. We may assume that G9 ) A, G . Lemma 9 implies G s B .A
w x w xHence, there exist x, y g B such that x, y f A, G . Thus x f M andA y
y f M , and we havex
² : ² :G s M y and M s H xx x
for H [ M l M . We also have for every ¤ g Hx y
w x w x w x w x¤x , y f A , G and ¤y , x f A , G .
Ž . Ž .Lemma 5 b and c give
Ž . w x w x  41 M s D and A, M s A, z for every z g ¤x, ¤y N ¤ g Hz z z
Ž .such that b z s 2.A
w x w x Ž . w x w x w xAs A, M s A, x by 1 we get A, H F A, x l A, y \ R.x
< < w x w xw x 3Moreover R s p, since A, G s A, x A, y has order p . Next we
show:
Ž . X w x  42 M F A, z for z g x, y .z
X w xWe have M s H9 A, z . Suppose that there exist u, ¤ g H such thatz
w x w x Ž . w xu,¤ f A, z . Assume first that ¤z g B . Then 1 gives A, M sA ¤ z
w x w x w x w x w x w xA, ¤z . But from A, ¤ F A, H F R F A, z we get A, ¤z s A, z .
<w x < <w x <Hence M s M since A, G ) A, z .¤ z z
Ž .Let w g M s M . Then w s abt with a, b g A, t g C z and bt gz ¤ z G
Ž .C ¤z . HenceG
zy1y1 y1 y1w x w x w x w x w x¤ , bt s ¤zz , bt s ¤z , bt z , bt s z , bt
t ty1 y1 y1w x w x w x w xs z , t z , b s z , b g A , z
w x w x w xw xbt w x w x w xand so ¤ , w s ¤ , abt s ¤ , bt ¤ , a g A, z . Thus ¤ , M F A, z ,z
w x w xwhich contradicts u, ¤ f A, z .
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We may assume now that ¤z, uz, u¤z g T . But also u, ¤ , u¤ g T sinceA A
w x Ž .A, H F R. Hence, Lemma 4 gives z g T , a contradiction. This gives 2 .A
Ž .From 2 we get that H9 F R. Set G [ GrR. Then H is an abelian
2² : < <normal subgroup of G such that G s H x, y and G : H s p . Note that
3Ž . Ž . w ² :xw ² :xw²w x:b x s b y s 1. Thus G9 s H, x H, y x, y has order p ,H H
< < 4 w xand G9 s p . Hence, we may assume that p / 2. Note A, G s
w ² :x w ² y1 :x <w x < 3A, x, y s A, xy, y x . Since A, G s p we can choose notation
Ž . w x w x w x w xsuch that b xy s 2. Clearly y, x f A, G also gives xy, x f A, G .A
Hence, the above argument, with xy, x in place of y, x shows that for
ÄH [ M l Mx y x
Ä w x w xH9 F A , xy l A , x .
Ä Ä Äw x w xOn the other hand H, G s A, G and either HH s M or H s H. Inx
Äw x w x w x w xthe first case M , G s HH, G s A, G , which contradicts x, y fx
Äw xA, G . Thus, we have H s H.
w x w x w x Ž .Assume that R F A, xy . Then R s A, xy l A, x , and b G s 1H
3< Ž . < < Ž . <by Lemma 3. Hence Lemma 8 gives H : Z G s p and G : Z G s p .
Ž .This is c .
w x Ž . Ž .Assume now that R g A, xy . Then b xy s 2 implies b xy s 2.A A
Äw x w x w xSince A, H s A, H F R we get that A, H s 1 and thus A s H.
w ² :x w ² y1 :xMoreover, since A, x, y s A, x, y x , we can also assume
y1R g A , y x . )Ž .
2Ž . Ž . < < Ž .Let Y F A such that Y s C x l C y . Then A : Y s p since b xyA A A
w x w x w y1 x Ž .s 2, and Y, G F R. In particular Y, xy s Y, y x s 1 by ) and thus
Y s C xy F C yy1 x .Ž . Ž .A A
² y1 : ² :Since xy, y x A s x, y A this gives
² :C x s C y s C x , y s Z G ,Ž . Ž . Ž .Ž .A A A
Ž .and b holds.
Proof of Theorem B. Let A and G be as in Theorem B. If b s b s 3,A
Ž .then Lemma 11 gives a .
Ž .Assume that b s b y 1 s 2. Then Lemma 13 gives d , or A and GA
Ž . Ž . Ž .satisfy the hypothesis of one of Lemma 12, 14, or 15. Hence a , b , c , or
Ž .d holds.
<w x <Assume finally that b s 1. We apply Lemma 8. Suppose that A, G sA
w x Ž .p. For G s Gr A, G we have b G s 2. Hence, Theorem A gives
2 3 3< < < Ž . < < < Ž .G9 s p or GrZ G s p and G9 s p . The first case yields a , the
Ž .second c .
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<w x < 2 < Ž . <Suppose that A, G G p . Then Lemma 8 yields A : Z G s p. Hence
Ž . Ž . < < 3C a s A for every a g A _ Z G . It follows that G : A F p andG
< Ž . < 4 < Ž . < 4 Ž .G : Z G F p . Since b s 3 Theorem A gives G : Z G s p . This is b .
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